WEIGHTED FEKETE POINTS ON THE REAL LINE AND THE UNIT
CIRCLE

ARTURAS DUBICKAS AND IGOR PRITSKER

ABSTRACT. Weighted Fekete points are defined as those that maximize the weighted version
of the Vandermonde determinant over a fixed set. They can also be viewed as the equilibrium
distribution of the unit discrete charges in an external electrostatic field. While these points
have many applications, they are very difficult to find explicitly, and are only known in a few
(unweighted) classical cases. We give two rare explicit examples of weighted Fekete points.
The first one is for the weights w(z) = |z — ai|~° on the real line, with s > 1 and a # 0,
while the second is for the weights w(z) = 1/|z — b| on the unit circle, with b € R, b # +1.
In both cases, we provide solutions of the continuous energy problems with external fields
that express the limit versions of considered weighted Fekete points problems.

1. WEIGHTED FEKETE POINTS ON THE REAL LINE

For a set of points Z,, = {z:}7_; C C, n > 2, the associated Vandermonde determinant is
defined by

V(Z,) = H (zj — 21).

1<j<k<n

Fekete [5] introduced the notion of the nth diameter for a compact set £ C C by setting

5,(E) = max |V(Z,)|7@ 0.

ZnCE

A set of points F,, C FE is called the nth Fekete points of E if it achieves the above maximum
on(E). For example, if E is the unit circumference, then the set of n vertices of any regular
n-gon inscribed in E represents the nth Fekete points for £ (this follows from Hadamard’s
inequality, see also [1, 19, 21]). Thus a set of Fekete points need not be unique in general.
However, if £ = [—1, 1] then the Fekete points are uniquely identified as the zeros of Legendre

polynomial of the second kind. More precisely, let P,(z) = ((2? — 1)”)(n)/(2”n!) be the
classical Legendre polynomial of degree n, orthogonal on [—1, 1] with respect to Lebesgue
measure. It is known that then the nth Fekete points for [—1, 1] are given by the zeros of the
polynomial (z2—1)P._,(x), see [25], [22] or p. 140 and Problem 37 in [28]. If w : E — [0, 00)
is a continuous weight function, then we similarly define the weighted Fekete points by
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maximizing the weighted Vandermonde determinant:

=1
(1.1) o, (E) := sup ( 11 |Zj—2k|w(2j)w(2k))

ZnCE \ 1 <jlk<n
n
— sy 2/n
= sup | [V(Z)|7@ 0 [Jw(z)*™ ).
ZnCE k=1

In fact, the latter definition allows us to consider closed unbounded sets E, provided we
have an admissible weight satisfying lim, . |z|w(z) = 0; see Chapter III of the book of Saff
and Totik [21] for more details and more general definitions. Some recent results on the
asymptotic distribution of Fekete points (including those on manifolds) can be found, for
instance, in [1], [3], [8], [16], [17], and [31].

Our main goal is to describe the weighted Fekete points for the weights w(x) = |z — ai|~*
on the real line, with s > 1 and a # 0. Note that for s < 1 the maximization problem in (1.1)
gives infinity, and thus is not well defined. (To see this it suffices to take n — 1 fixed points
zi, 1 =1,...,n—1, and z, arbitrarily large.) The borderline case s = 1 formally does not fit
into the theory developed in [21], as this weight is not admissible in the sense of that book.
However, it represents the classical case of elliptic potential theory problem considered in
Tsuji [30, pp. 89-94]. In fact, we are able to give a remarkably explicit solution for that case
s = 1, i.e., for the weight w(z) = 1/|z — ai|, completely describing these “elliptic” Fekete
points.

Theorem 1.1. Let a > 0 and n > 2. Any weighted Fekete point set F* for w(x) = 1/|x—ail
on the real line has the form

(1.2) Fy=Az1,...,x,} ={atan(y + kn/n), k=0,1,...,n—1},

where v € (—m/2,—m/2+mw/n). Equivalently, the weighted Fekete points are the roots of the
monic polynomial

1

(1.3) Fr) = 5— ((cm — Bi)(z + ai)" + (an + Bi)(z — m)n),
where

n—1
(1.4) B = —aZtan(’y+k7r/n) = ancot(nm/2 + nvy).

k=0
Moreover, we have

pl/(n=1)
1. w R pum

(15 () ="

Note that the weighted Fekete points (1.2) are highly non-unique in the above case, since
we can take any real v in the interval (—7/2, —7/2 + 7/n).

The weight w(z) = |x — ai|~® on the real line is admissible for s > 1, and all asymptotic
results developed in [21] apply here. However, in contrast to the case s = 1 (Theorem 1.1), we

identify the weighted Fekete points uniquely in this case as roots of some explicit polynomials
2



(1.7). In fact, these polynomials are directly related to Jacobi polynomials defined by

(1.6) Plad) () . 9 ; (Z + Z) (n : 6) - D + 1yt

L)n
_(e+B+n+1) o
nl2n

ey

where (1), :=t(t+1)...(t +n — 1) is Pochhammer’s symbol (or the rising factorial), and

(t> _ tt—1)...(t—n+1)

n n!

is a generalized binomial coefficient. There are several other equivalent representations for
Jacobi polynomials, e.g., via the hypergeometric function, that can be found in [10, Ch.
4]. In the special case « = f = X\ — 1/2, Jacobi polynomials are also expressible up to a
constant factor (where the constant depends on n and \) as Gegenbauer (or ultraspherical)
polynomials

Ln/2]

A n—k

C/\ — -1 k ( n 2 n72k.

0= St

It is important to note that in our context the parameters a = f = —s(n — 1) — 1 not

only depend on n but are also outside the classical range a > —1 and > —1. Thus many
classical properties such as orthogonality with respect to Jacobi weight on [—1, 1] do not
hold. However, we are still able to use the formula for the discriminant of Jacobi polynomial
given in (3.4.16) of [10, Ch. 3] to compute the discriminant of our extremal polynomials
explicitly, and find the value of the nth weighted diameter.

Theorem 1.2. Suppose that a >0, s > 1 and n > 2. The weighted Fekete point set F,* for
w(z) = |z — ai|~* on the real line is unique, and is given by the roots of the polynomial

(/2]
) = " _1)kg2k n (2k — ! 2k
(17) Glo) ="+ kzz; <( D (2k> H?Zl(Qs(n —1)—2n+2j+ 1)) '

Moreover, we have

(1.8) G(x) = (= 222(22)_71?; — 1)nPé—s("—l)—l,—s(n—l)—l)(—ix/a)

and

(19) 53(1&) _ (2@)1—25(n!)2/n

[(=s(n = 1))

n n(n—1)
X (H EF22(k —s(n—1) — D*2(n+ k —2s(n — 1) — 2)“) :
k=1

[(n — 28(n — 1) _ 1)n]2(371)/n

The value of the nth weighted diameter is found from the discriminant Ag of G, which is
expressed via the discriminant of B{*" V"0 a0 from the value of |G(ai)| given
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by

(1.10) |G(ai)] = o= 255)_””1') . 1>npéfs(nfl)*l,fs(nfl)fl)(1)
_ (2a)™n! (=s(n—1)), _ (2a)"(—=s(n — 1)),
(n—2s(n—1)=1), n! (n—2s(n—1)—1),’

see (4.1.6) in [10, p. 82]. Indeed, by (1.1) and |G(ai)|™* = [0, |ai — x|~ = [T}, |w(zk)],

we obtain
(1.11) 52 (R) = |V(F2)|70|G(ai) |72/ = |Ag| 70| G (ai)| 2/,

We will compute |Ag| explicitly in the proof of Theorem 1.2.

Polynomials (1.7) arise in our work from the differential equation (5.6) below. They
appeared in the literature several times under different names like pseudo-Jacobi, twisted
Jacobi or Romanovski-Routh polynomials; see, for instance, [12], [13], [15], [20], [24], and a
recent survey [32]. In particular, the polynomials G,, = G of (1.7), with a = 1, satisfy the
recurrence relation

(1.12) Gp(x) = 2G4 (x) —

(n—1)(2s(n—1) —n+3)
(2s(n—1)—2n+3)(2s(n—1) —2n+5
and certain finite orthogonality relations on the real line with respect to the weight w(z) =
(22 +1)7*(=D=1 2 € (—00,00). Non-Hermitian orthogonality relations for general Jacobi
polynomials were studied in [14].

Note that the problem of finding the weighted Fekete points is equivalent to finding the
equilibrium distribution of unit discrete positive charges located at Z, = {z;}}_; C R in
the external electrostatic field Q(z) = —log w(z) = slog |x — ai|. Define the discrete energy
Ew(Z,) of these positive charges in presence of the external field ), created by the fixed
negative charge of magnitude s placed at point the az, by

2 25 ,
EuZy) i = ———— Z log|zj—zk|+?210g|zk—az|.
k=1

n(n —1) 1<j<k<n

It is clear that finding §*(R) is equivalent to minimizing &,,(Z,):
—log ' (R) = ZlnanR Euw(Zy).

We would like to mention that the results of Theorems 1.1 and 1.2 apply as well to
somewhat more general weights w(z) = c|z — 2|, where ¢ > 0 and zy € C\ R, by using
horizontal translation and scaling.

2. WEIGHTED ENERGY PROBLEM ON THE REAL LINE

We now consider the matching case of the continuous weighted energy problem on the real
line for the weights

(2.1) w(z) = |z — ai] ™%, z € R,

where s > 1 and a > 0. The solution of this problem provides a value of the limit for 6(F) as
n — 0o, as well as the limit distribution for the weighted Fekete points. A general treatment
of potential theory with external fields, or weighted potential theory, is contained in the book

of Saff and Totik [21], together with historical remarks and numerous references. Let M(R)
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be the set of positive unit Borel measures supported on R. For any measure y € M(R) and
weight w of the form (2.1), we define the energy functional

(2.2) //log z—t|w D) du(z)du(t)

-// log T du2)dut) 2 [ 1oz w(t) ute),

and consider the minimum energy problem

2.3 Vw:= inf 1,

23) Lt L(a)

If s > 1 then Theorem I.1.3 of [21] yields that V,, is finite, and that there exists a unique
equilibrium measure p,, € M(R) such that I,(u,) = V,,. Thus p, minimizes the energy
functional (2.2) in presence of the external field Q(z) = —logw(x) = slog |z — ai|. Further-
more, for the potential of u,, we have

(2.4) Ul (x) + Q(z) > Fy, x € R,
and

(2.5) Ut (z) + Q(z) = Fy, T € Sy,
where

Ute(x) = —/log |z — t| dpy(t), Fu:=Vy+ /logw(t)d,uw(t) and Sy, := Supp Ly,

(see Theorems 1.1.3 and 1.5.1 in [21]). We note that (2.4) and (2.5) for general weights
and sets hold up to a possible exceptional set of capacity zero, but in our case there is no
exceptional set due to continuity of the weight and the associated equilibrium potential U#w.
The weighted capacity of R is defined by

(2.6) cap(R, w) := e ">,

The support S, plays a crucial role in determining the equilibrium measure pu,, itself, as
well as some other components of this weighted energy problem. Indeed, if S, is known,
then p,, can be found as a unique solution of the equation

1
/log| ] du(t) + slog |x — ai| = F, T € Sy,

where F'is a constant (cf. (2.5) and Theorem 3.3 of [21, Ch. I}). For w given by (2.1), this
equation can be solved by potential theoretic methods, using balayage techniques, so that
Iy is expressed as a linear combination of harmonic measures. In this way, we obtain the
following explicit solution of the minimum energy problem.

Theorem 2.1. Let w be defined by (2.1) with a = 1 and s > 1. The weighted equilibrium
Measure [, s supported on the compact interval
V2s—1 /25 —1
s—1 7 s—1 |’

Sy =

and is given by

V28 —1—(s—1)2a2

(14 2?)
5

(2.7) dpty,(x) = dr, x€8,.



Moreover, the weighted capacity is equal to
(28) Cap(]R, w) — 225—232_18—52 (S . 1)—(5—1)2 (23 . 1)(25_1)2/2'

Theorem 1.3 of [21, Ch. III]) combined with the above result gives the following immediate
consequence.

Corollary 2.2. Let w be defined by (2.1) with a =1 and s > 1. The weighted Fekete points

{CG}_q, given by the roots of polynomial (1.7), are distributed according to the measure fi,,
of (2.7), i.e.,

1o ]
Tn 1= gz% — [y  AS T — 00,
k=1
where the above means the weak™® convergence of the normalized counting measures T,.
Moreover, the weighted nth diameters 6 (R) satisfy
lim 6“(R) = cap(R, w) = 222" 157 (s — 1)~ (25 — 1)>-1°/2,

n—oo
In the case s = 1 and w(x) = 1/|x — i|, we deal with the classical elliptic energy problem
on the real line, see Tsuji [30, pp. 89-94]. The weighted (or elliptic) equilibrium measure is
known in this case as the arctan distribution, see Theorem 3 in [6]. The fact of weak™ con-
vergence of the counting measures for the weighted Fekete points to the arctan distribution
was directly observed in Corollary 10 of [4]. These facts can be summarized as follows.

Theorem 2.3. Let w be defined by (2.1) witha = 1 and s = 1. Then the weighted equilibrium
measure is given by
dz

(2.9) dpiy () = (1t 22)

and the weighted capacity is cap(R,w) = 1/2. Furthermore, any sequence of the weighted
Fekete point sets {Cx}7_, salisfies

r € R,

1< * dx
(210) Tn = E ;5Ck — m as n — oQ.

3. WEIGHTED FEKETE POINTS ON THE UNIT CIRCLE

We now consider weighted Fekete points for w(z) = 1/|z — b|, with b € R, b # +1, on the
unit circumference T := {z : |z| = 1}.

Theorem 3.1. Let b € R, b # £1, and n > 2. Any weighted Fekete point set F," for
w(z) = 1/|z = b| on T is the image of n equally spaced points on T under the mapping

bw —1
3.1 =
(3.) o(wy =L
i.e., it has the form
(3.2) FY={C,.... G} ={s (™) k=0,1,...,n— 1},
where o € [0,27/n). Moreover, we have
nl/(n=1)
3.3 0,(T) = .
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It is clear that the weighted Fekete points problem for a more general weight w(z) =
A/|z = z| on a circle C, with 2o ¢ C and A > 0, can be reduced to the above case by scaling
and rotating.

4. WEIGHTED ENERGY PROBLEM ON THE UNIT CIRCLE

In principle, the solution of the continuous version of the weighted energy problem on T
for w(z) = 1/|z — b|, where b € R, b # £1, can be obtained by passing to the limit in
Theorem 3.1 as n — oo. However, we give a direct proof of the following result:

Theorem 4.1. Let w(z) = 1/|z — b|, where b € R, b # £1. Then the weighted equilibrium
measure for this weight on T is given by

, 1 — | dt
4.1 dp, (e™) = | tel0,2
and the weighted capacity is

1
(42) C&p(T,U)) = m
Furthermore, any sequence of the weighted Fekete point sets {(y}}_, satisfies
1 & . 11— b?| dt
4.3 = — O, — T — 0.
(4:3) i n; “ 7 on(1 = 2bcost + b?) on S ash oo
It is obvious from (3.3) and (4.2) that the weighted nth diameters 6% (T) satisfy
e 1
lim 6;7(T) = cap(T, w) = =)

We remark that the weighted energy problem on the unit circle for general weights was
studied in [18]. Those results can be also applied to obtain a version of Theorem 4.1.

5. PROOFS

5.1. Proofs for Section 1. We start with an estimate for a certain product of sine functions
contained in [4]. For convenience, we will give a short proof.

Lemma 5.1. For any y1,...,yn € (—7/2,7/2], we have
(5.1) H sin?(y; — yi) < 27" Hpn,
1<j<k<d

Furthermore, equality in (5.1) is attained if and only if the set {yi,...,yn} is an arithmetic
progression with difference 7/n.

Proof. Rearranging the elements y; in ascending order, we may assume that —7/2 < y; <
ys < -+ <y, < 7/2. Notice that

25in(y — 1) = 2% — 2|
for any pair of indices j < k satisfying 1 < 7 < k < n. Hence

2n(n—1) H sin2 (y] . yk) _ H ‘62iyk o €2iyj 2'

1<j<k<n 1<j<k<n
7



Here, the product on the right hand side is the square of the absolute value of the Vander-
monde determinant for e?¥1, e?¥2 . . e?¥n It is well known that the maximum of the latter
does not exceed n", with equality iff the points e*¥ for k = 1,...,n, are equally spaced on
the unit circle, by Hadamard’s inequality, cf. [2]. See also [7] for an alternative proof of this
fact due to Fekete. This implies the assertion of the lemma. 0J

Proof of Theorem 1.1. Since a > 0, we can write any set of points X,, = {z;}7_, € R in the
form x, = atanyy, where y, € (—m/2,7/2) for k =1,...,n. It follows that

n

H w(zy)? = H(a2 +a’tan’y,) "t =a " H cos® Y.
k=1 k=1 k=1

The square of the Vandermonde determinant for these points takes the form
1 2 . —
VX = [ (atany, —atang)? = a0 T S0 =)

2 2
COS » COS
1<j<k<n 1<j<k<n Y Yk

n

1 n—1
_ . n(n—1) in2(ey. —
=a ( | | o yk> | | sin®(y; — yk)-

k=1 1<j<k<n

Hence
n

V(X,)? H w(zy)? Y = Y H sin®(y; — yi)-
k=1 1<j<k<n
Bounding the right hand side by Lemma 5.1, we find that

(5.2) V(X,)? [ ] wlas)®™ Y < (2a) "0,
k=1

By Lemma 5.1, equality in (5.2) holds iff {y,...,yn} € (—7/2,7/2) is an arithmetic pro-
gression with difference 7/n, so that (1.5) follows after taking an appropriate root of both
sides. Note that from Lemma 5.1 it follows that the weighted Fekete points are given by

{¢1, .., G} ={atan~y,atan(y + 7/n),...,atan(y + (n — 1)7/n)}

for some vy € (—m/2, —w/2 + 7/n) as claimed in (1.2).
Set
n—1
R(z) = H(x — atan(y + 7k/n)).
k=0
To prove (1.3) we need to show that R(az) = F'(ax). Since B = an cot(nmw/2+ ny) by (1.4)
and identity (432) of [11, pp. 80-81], this is equivalent to

:j:[o(x—tan(ijkﬂ/n)) _ (A —icot (B +m)) (z +1)" —g (14 cot (2 4 n))(x i

We will show that this is an identity that holds for each € C and all v € C for which
the involved tangent and cotangent functions are defined. Indeed, both sides are monic

polynomials in = of degree n, so it suffices to show that the right hand side vanishes at
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x=tan(y+kr/n), k=0,1,...,n—1. Let us insert x = tan(y + k7 /n) into the right hand
side and multiply it by i'~@sin(n7/2 + nvy) cos™(y + kn/n). Since

isin(nm/2 4+ ny)(1 Ficot(nm/2+ ny)) =isin(nr/2 + ny) + cos(nm/2 + ny),
and
i cos™(y + km/n)(tan(y + kr/n) £4)" = (—isin(y + kr/n) £ cos(y + kr/n))",

it remains to verify that
i/ 2m) ilhmmy) _ itom/24m) (] ymilhmnn) _ ()

This equality clearly holds for each k € 7Z, since its left hand side equals

eim(n/2k) _ (_ymeinthn/2) _ gim(n=d/2) (gim(n=2K) _ (_1ym) = ein(hn/2) (gimn _ (_1yn) =,
This completes the proof of (1.3). O

The following lemma is extracted from the proofs of Theorems 12 and 13 in [4]. We give
a short proof for completeness.

Lemma 5.2. Let a > 0 and n € N. If f is a monic polynomial of degree n satisfying the
differential equation

(5.3) (2 +a®) f"(x) = Ao f'(x) + n(A = n+ 1) f(z) =0,
where X\ #n —1,n,...,2n — 2, then

ln/2] B
(5.4) ﬂ@:ﬂ+§:04mﬁGDHk6% 1! ))ﬂ%.

A=2n+2j5+1

Proof. We prove the result for a = 1, as the case of arbitrary a > 0 is then immediate by
scaling. Suppose that

fx)=2" +cprz™ -+ .
Substituting f(z) into (5.3) with a = 1, we obtain

n

Z k(k — 1)cpa® + Z k(k —1)cpa™? — A Z kepa® +n(A —n+1) Z ezt = 0.
k=0 k=0

k=0 k=0
By considering the coefficient for 2”71, one gets
m—1)(n—-2)cp1 —An—1Dep g +n(A—n+ e, = (A —2n+2)c,1 =0,
which implies ¢,_1 = 0. Note also that, by changing k£ to k + 2, we can rewrite the second

sum on the left in the form Y 72 (k + 2)(k + 1)cpyo2”. Evaluating coefficients for 2%, k =
0,1,...,n — 2, we find that

k(k —1Deg + (K4 2)(k+ 1)cpra — Mecg + n(A—n+ 1)c, = 0.
By the identity k(k —1) = Ak +n(A—n+1) = (n — k)(A —n — k + 1), this leads to
(k+1)(k+2)cka+(n—k)A—n—k+1)c, =0
for each £k =0,...,n — 2. Hence

(k + 1)(k +2)
(n—K)(n+k—1—x 2
9

k=0,....,n—2.
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Applying the latter relation iteratively, with initial value ¢,_; = 0, one can easily see that
Cpnok—1 =0for k =0,...,[(n—1)/2]. Similarly, applying it with initial value ¢, = 1, we

find that
k .
n 27— 1 n 2k — 1!
A <2k> M- (—1)’“(%) ey
n—2j—1- [[oi(A—2n+2j+1)

J=1

for k=1,...,[n/2]. O

The following formula for the discriminant of Jacobi polynomials can be found in (3.4.16)
of [10, p. 69], where it was derived under the assumption that & > —1 and 5 > —1. We will
explain here why for each n > 2 it holds for generic «, 8 € C such that the leading coefficient
of (1.6) does not vanish.

Lemma 5.3. Let P\*? be the general Jacobi polynomial defined in (1.6) for a, B € C and
some fitedn > 2. Ifa+ B # —n—k, k=1,...,n, then the discriminant of P s given
by
(5.5) A =2 "D TR 2 (k+ ) (B + B) T (n+ k+ o+ B)"F.

k=1
Proof. We first remark that if « + 5 = —n — k for some k € {1,...,n}, then the leading

coefficient of P{*? is zero by (1.6), and the discriminant formula can be interpreted as giving
zero value. It is more common, however, to apply the definition of discriminant using the
actual degree and the highest non-zero coefficient of P,W )
case in the statement of the lemma.

Note that the coefficients of P\*® are polynomials in o and (3, as defined by the generalized

binomial coefficients
n+a\ (nmt+a)nta—-1)... (a+k+1)
n—k) (n—k)!

. Thus we avoid this ambiguous

and

(n+ﬁ) _ (4B +B-1). (n+B—k+1)
k k!

Since the discriminant A ples) is a polynomial in the coefficients of qua’ﬁ )

, it is also a poly-
nomial in o and . Note that the right hand side of (5.5) is also a polynomial in « and
B. Thus we have two polynomials in o and  that coincide for « > —1 and § > —1 by
(3.4.16) of [10, p. 69]. Hence they must coincide for all «, 8 € C by the uniqueness results
for holomorphic functions. This completes the proof of the lemma. U

Proof of Theorem 1.2. We follow ideas similar to those of Stieltjes [25]-[27] and Schur [22],
see also [28, Section 6.7], and show that the polynomials with roots given by the weighted
Fekete points must satisfy a second order differential equation. It turns out that this equation
has a unique polynomial solution as claimed in Lemma 5.2. Then we relate this solution to
Jacobi polynomials, and compute its discriminant by using Lemma 5.3.

Indeed, consider the equivalent logarithmic version of the maximization problem for

g(x1,...,z,) =n(n—1)log s’ (R) = Z log(x; — x1)* — s(n — 1) Z log(z} + a?),

1<j<k<n k=1
10



where xq,...,x, are distinct real numbers. Assuming that ¢ has a local maximum, from
Vg = 0 we obtain

2 2 -1
3 U T
#kxk—xj Ty +ta

In terms of the polynomial f(z) := [[,_,(z — x) the latter can be written in the form

f'(xk)  2s(n— Dy,
I () T +a?

or, equivalently,
(xF +a®) f"(x1) — 2s(n — Vg f'(z1) =0, k=1,...,n.

Since (22 + a?) f"(x) — 2s(n— 1)z f'(x) is a polynomial of degree n that vanishes at n distinct
points {x;}7_;, it must be a constant multiple of f(x). Thus we arrive at the differential
equation

(2 +a®) f"(x) = 25(n — Dz f'(z) = cf(2),
where ¢ € R. Equating the leading coefficients of polynomials on both sides gives
nn—1)—2sn(n—1) =c.
The differential equation for f takes the form
(5.6) (2 +a®) f"(z) — 2s(n — Daf'(x) + n(2s(n — 1) —n+ 1) f(z) = 0.

Since (5.6) is (5.3) with A = 2s(n — 1) > 2n — 2, we can apply Lemma 5.2 asserting that
(5.4) is the only polynomial solution of this differential equation. Letting A = 2s(n — 1) in
the polynomial (5.4), we obtain the polynomial (1.7).

We next prove (1.8) by relating (5.6) to the differential equation satisfied by the Jacobi

polynomial Péa’ﬂ ) (1):
(1= #)u"(t) + (B —a—tla+B+2)u'(t) +n(n+a+ 5+ u(t) =0,
where in the classical case it is assumed that a, 8 > —1, see (4.2.6) in [10, p. 83]. We put

(5.7) a=pf=-s(n—1)—1,
so that the equation becomes
(5.8) (1 — )" (t) + 2s(n — D)t (t) + n(n — 2s(n — 1) — Du(t) = 0,

and u(t) = P,E_S("_l)_l’_s(n_l)_l)(t) satisfies it provided s < 0, which corresponds to the clas-
sical range a, # > —1. Since in our case s > 1, we want to show that Pé_s(n_l)_l’_s(n_l)_l)(t)
is a solution of (5.8) for any s € R.

Indeed, for any fixed n > 2 the coefficients of Pé_s(n_l)_l’_s("_l)_l)(t) are polynomials in
the parameter s by (1.6) and (5.7). Fix any ¢ € R and consider the polynomial p(s) given by
the left hand side of (5.8) for u(t) = P *"D717(""U=1(3) Since this polynomial vanishes
for all s < 0, it must vanish identically for all s € R, and this holds for any ¢ € R. Setting
t = —iz/a and

(5.9) f(z) = = 25;?)_”711') — l)nPé—s(”—l)—lﬂ—s("_l)_l)(—ix/a) = Cu(—iz/a),

11



where (n — 2s(n — 1) — 1), # 0 by s > 1, we observe that f(x) is a monic polynomial of
degree n by (1.6) and (5.7). It is clear that

F@) =Sty amd ) = - S0

The above relations, together with t = —ix/a, transform (5.8) into (5.6) for this choice of f.
Hence f = G by Lemma 5.2, and (1.8) follows.

In the remaining part of this proof, we will derive (1.9) from (1.10) and (1.11). If P is any
polynomial of exact degree n and Q(z) := cP(—iz/a), where a > 0 and ¢ # 0 are constants,
then the definition of discriminant readily gives that

A ’0’271—2 A
gl = )
. . . . . _ p(=s(n—-1)—1,—s(n—1)—-1)
Applying this relation to (1.8) with Q@ = G, P = P, , and
(2ai)"n!
c= ,
(n—2s(n—1)—-1),
we derive that
5.10 Ag|T T =4 ! 7 Ap|
. n(n—1) — n(n—1)
(5.10) [Ad] a((n—Qs(n—l)—l)n) Al

Now, Lemma 5.3, with «, 5 as in (5.7), gives the formula for the discriminant of the poly-
nomial PT(L—s(n—l)—L—s(n—l)—l)

deduce that

. Inserting that formula into the right hand side of (5.10) we

n 2/n
(n—2s(n—1)— 1)n] v

26l =20

with

T <ﬁ K22k —s(n—1) = D)*(n+ k —2s(n — 1) — Q)nk> o :

k=1
Inserting this into (1.11) and using (1.10), we find that
“ n! #r o (@2a)(=s(n — 1), \ "
e e B (e
) b L) T RS
=250 =) = D,
which is (1.9). ]

5.2. Proofs for Section 2. The weighted equilibrium measures for our minimum energy
problems turn out to be linear combinations of harmonic measures. For any r > 0, consider
the domain  := C \ [~r,7]. The harmonic measure wo(&,-) at & € Q, relative to €2, can be
defined as the preimage of the normalized arclength on the unit circle under the conformal
mapping ® : Q@ — A = {w : |w| > 1} satisfying ®(¢) = oo and ®’(§) > 0. It is assumed
here that ® is extended to the boundary of € given by [—r,r| in the standard way, so that
for any Borel set B C 02 = [—r,r] the harmonic measure wq (&, B) is simply the length of

®(B) divided by 27. Thus the harmonic measure is a unit positive Borel measure supported
12



on [—r,r]. Alternatively, this harmonic measure can be defined by the balayage of the unit
point mass d¢ from Q to [—r,r]. More details and background on harmonic measures and
balayage can be found in [19] and [21].

We begin with some explicit formulas for the necessary harmonic measures.

Lemma 5.4. For any r > 0, let Q := C\ [~r,r]. The harmonic measures at co and i,
relative to €2, are given by
d

(5.11) dwg(00,)(2) = ———, x € (1,7,

Trl—zx
and

2+ 1d

(5.12) dwq(i,-)(z) = Al x € (—rr).

7(1+ 22)V/r? — 22’
Proof. The first equation (5.11) is well known, as wq(00, -)(x) is the classical (not weighted)
equilibrium measure on [—r,r| given by the arcsin or Chebyshev distribution, see [19], [21]
and [30]. It remains to find wq(i,-) explicitly for E = [—r,7], r > 0.

To do this we will use the conformal mapping ® of Q@ = C\ [~7,7] onto A = {t € C :
|t| > 1} such that ®(i) = co. As we already mentioned, the image of wq(7, ) under & is
wa (oo, ) = |dt|/(27) supported on A = {t € C : |t| = 1}, see Theorem 4.3.8 on [19, p. 101].
The mapping @ is constructed as the composition of two standard conformal mappings.

These are
z+vVz22—r2
w=®(z) i = ———M—
r
that maps ) onto A with
, Viz+14+ 1)
wy = Py (i) = ( . ) :
and _ 1
t = By(w) = 02
w — Wy

that is a self map of A sending wy to infinity. Defining the upper limiting values
O (x) := lim ®(z+iy), «x¢€|-rr7],
y—0+
and the lower limiting values

O (7) = lim o +iy), v €[-rr]

. (xizm
NEE G

r

we obtain

O (x) = ) . T €[-rrl.

This generates the following expression for dwq (i, z) as preimage of |dt|/(27):

dliy) _ |9.(0)| +]2(0)
dx 2T

Let us denote uy (x) := (z+iv/r? — 22) /r. Using ®4(w) = (1 — Jwo|?)/(w — wy)?* we derive

that
&, (x) = dug(x) 1 — |wpl|? _ (1 - ix ) —2(Vr2+1+1)
8 dr (us(z) —wo)? o2 — a2 ) (w iVt —a? — (V14 1)i)2

13
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Consequently,
1, ()] = 1 ‘ 2(Vr2+1+1) i
VP —a? g2y (V2 =22 F (V2 +1+1))
2(Vr2+1+1)
Vi =222 + 24 2P £ TF 2(Vi2 + 1+ 1)Vi? — 2?)
Vi +1+1

VIi2 =222 + 1+ V2 + 1F (V2 + 1+ 1)Vr2 —a?)
1

V2 = 22(Vr2 $ 15 V2 —a?)

Therefore,

', ()] + &' (2)] = ! !

Vr2 —22(Vr2 + 1 —+/r?2 —1?) * Vr2 — 22(Vr2 + 1+ V2 — a?)
2V +1 2V 41
B V2 —22(r2 +1 — (r2 — 22)) B (1+22)Vr2 — a2
Combining this with (5.13), we derive (5.12). O

Proof of Theorem 2.1. Let © > 0 be an arbitrary but fixed number, and set Q = C \ [—7, 7]
as before. Define the measure

(5.14) po= swq(l, ) — (s — Dwg(oo, ).
We will show that p, = p for an appropriate choice of r. Equations (2.4) and (2.5)

characterize i, in the sense that if for a positive unit Borel measure u supported on [—r, 7]
one has

(5.15) UH(z) + slog |z —i| > F, r € R,
and
(5.16) Ut (x) + slog |z —i| = F, x € [—rr],

where F' is a constant, then Theorem 3.3 of [21, Ch. I]) implies that p, = g and F,, = F.
It is clear that the total mass of u is one for any r > 0, but we need to ensure that p is a
positive measure. For

Vv2s—1
s—1
we have \/(r2+1)/(r2 —2?) = s/4/2s —1— (s — 1)222. Thus, by Lemma 5.4 combined
with (5.14), we find the explicit form for u
2

5 9 dz
du(z) = (m — (=) > /25 —1—(s— 1)2I27 =& (mnr)

which simplifies to the form stated on the right hand side of (2.7). From that form and r as
in (5.17), we clearly see that at the endpoints of the interval

[ | V2s—1 /25 —1

—r,r] = |—

’ s—1 7 s—1
14

(5.17) r=




the density of u is zero, and therefore y is a positive measure on that interval.

We now show that (5.16) holds for any r > 0, by using some general properties of the
balayage method in potential theory. The harmonic measure wq(i,-) is the balayage of the
point mass ¢; from the domain Q = C \ [~7,7] onto its boundary 92 = [—7r,7] , see Section
I1.4 of [21]. It follows from Theorem 4.4 of [21, p. 115] that the logarithmic potential of
wq(1, ) satisfies

(518)  U=0)(2) +logla — i = U6 (@) — U%(2) = / gat, 50) dB(t) = gali, 50)

for x € [—r,r], where gq(t,00) is the Green function of Q with logarithmic pole at co. We
also need the well known fact that the potential of wq(oo,+)(x), which is the equilibrium
measure of [—r, 7], is equal to Robin’s constant on [—r, 7] by Frostman’s Theorem (see also
Example 3.5 of [21, p. 45] for a direct computation):

(5.19) U« (z) = —log cap([—r,7]) = log(2/r), x € [—r,7].
Combining (5.18) with (5.19), we derive that
U*(z) + slog |z —i| = s (U2 (z) +log |x — i|) — (s — 1)U~ ()
= sga(i,00) + (s — 1) log(r/2), = € [—r, 1],
and so conclude that (5.16) is satisfied with the constant
(5.20) F = 5gq(i,00) 4+ (s — 1) log(r/2).

The next step is to prove that (5.15) holds with this value of F. For that purpose, we
connect the potentials of harmonic measures with Green functions and conformal mappings.
In particular, we have

(5.21) U«2)(2) = log(2/r) — ga(z,00), 2 € Q,
by Theorem II1.37 in [30, p. 82]. From Theorem II1.39 in [30, p. 84] we obtain
(5.22) ga(z,00) =log |®1(2)], z € Q,

where ®; : 0 — A is the conformal mapping defined in the proof of Lemma 5.4. Theorem
5.1 of [21, p. 124] yields

Ut () — / g0 (2, 1) d6i(£) = U= (z) — / golt,00) dby(t), =€ 0,
so that
(5.23) U“2) (2) = go(i,00) — ga(z,i) — log|z —i|, =z € Q.

Since U*(z) + slog |x — i| is an even function on R, and since (5.16) is already proved, it
suffices to show that the estimate in (5.15) holds for = > r. Using (5.20), (5.21) and (5.23),
for x > r we deduce that

Ut(z)+ slog |z —i| = s (U“Q(i")(x) +log |z —i]) — (s — 1)U~ ()
= sga(i,0) — sga(z,i) + (s — 1) log(r/2) + (s — 1)ga(z, o0)
= F + (s — 1)ga(z,00) — sga(, ).
Thus (5.15) reduces to showing the inequality

(5.24) (s — 1)ga(x,00) — sga(x,i) >0
15



for > r, under assumption (5.17).
Once again we pass to the conformal mappings from Lemma 5.4 to express the Green
functions by (5.22) and

ga(x,i) = log|®(x)] = log [®y(®1(x))].

Setting y = (®1(z))? for x > r, and using wy = ®1(i) = (Vr2+1+ 1)i/r = iv/2s — 1 by
(5.17), we deduce that

@1(1’) — Wy

_ 1t e@)pes 1) \/(23 1)y +1

[ONE) = =
| 2( 1(x))| ’ |¢)1(l‘)|2+28_]. y+28_].

and hence
9(y) == (s = Dga(x,0) — sga(z,i) = (s — 1) log|®y(z)| — slog [Pa(P1(x))]
_3—110 5 (2s—1)y+1
Ty ™Y TR Ty s 1 )

Here, y > 1 as x > r. After some simple algebraic transformations, we arrive at the following
expression for the derivative of g:

(s=1@2s=1(y—1)°
20((2s— 1Dy +1)(2s—1+y)

Since ¢g(1) = 0 and ¢'(y) > 0 for y > 1, this completes the proof of the inequality g(y) > 0
for y > 1, and so that of (5.24) for > r. This proves (5.15). Thus p,, = p and

F, =F = sgq(i,o0) + (s — 1) log(r/2)

J(y) =

as in (5.20).
On the final step of this proof, we compute the weighted Robin constant Vi, = I(fu,):
Vw=F,+ /Qduw =F,+ 32/10g |z — i dwq(i, ) — s(s — 1) /log |z — 1] dwq (o0, )
= F,, — s*U“2)(4) + s(s — 1)U~2>)(4)
(5.25) = F, — s2U*2®) (i) 4+ s(s — 1) (log(2/r) — ga(i,o0)),
where we used (5.21). Since the left hand side of (5.23) is continuous at z = i, we obtain
U»2()(3) = go(i,00) — Liir%(gg(z, i) + log |z — ).

Next, using

vr24+1+41 ;o V24141
wo| = ———— and |®,())] = ——==—=,
; N

we compute the limit
lim(gq(z,i) +log |z — i) = limlog |®(2)(z — i)| = limlog |, (®1(2)) (z — 7]
Z—1 Z—1 Z—1

z—1

= log | lim (wWow — 1) lim —— o (w = 01(2))
|'LU0’2—1 2\/7"2—|—1
=log|—F——|=log| —— | .
' (1) r
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Hence
U“et(i) = gali, 00) — log (
Combining this with (5.25), (5.20) (where F,, = F'), (5.22), which gives
VrZ 41+ 1)
r Y

NW)
- .

ga(i,00) = log|®,(7)| = log |wo| = log (

and finally with (5.17), we derive that
2vr2 +1 2
Vi = Fy — s (gg(z', o0) — log (%)) + (5% — 5) (log <;> — ga(1, oo))

= (25 — 25%)ga (i, 00) + 2 log (2—”75,—“) — (s —1)%log (f)

2
Viz4+14+1 2v/r2 +1
= (25 — 25?) log (L) + s%log (r—+> — (s —1)*log (I)
r T 2

2s V2s —1

= (25 — 25%)1 2s — 1 2] —— ) —(s—=1)%1 _—
(2s — 257) log V/2s + 5 og(m> (s —1) og(2(8_1>)

_ D s —1)2log(s — 1) + s21 252 — 25 + 1) log 2
= 5 g(2s — 1)+ (s — 1)%log(s — 1) + s log s + (2s s+ 1)log2.

Hence (2.8) follows from (2.6). O
5.3. Proofs for Section 3.

Proof of Theorem 3.1. We first observe that the Mébius mapping ¢ : T — T defined in (3.1)
is a bijection. Hence for any set of distinct points Z,, = {2 }}_; C T there is a set of distinct
points {wy}7_,; C T such that z; = ¢(wy), k=1,...,n. It follows that

bw; — 1 bw, —1 11— b?||w; — wg|
|27 — 2| = - =
w;—b  wp—0b |w; — b||wy — b
and
bwk—l |1—b2|
—b = —b| = .
’Zk | ‘ U}k—b |wk—b|
Hence

n

V(Z)P [Jw(z® = ] 12— 2l [ 1z — 0720
k=1 1<j<k<n k=1

_ |1—b2‘_n(n_1) H |wj_wk’2-

1<j<k<n

As we already observed in the proof of Lemma 5.1, the product [],;_,<, [w; — wi|* does
not exceed n", and takes this largest value if and only if the points {wy}}_; C T are equally
spaced on the unit circle (see [2] or [7]). Thus (3.3) follows from the definition (1.1), whereas

(3.2) follows from (3.1). O
17



5.4. Proofs for Section 4.

Proof of Theorem /.1. The strategy of this proof is similar to that of the proof for Theo-
rem 2.1. However, this proof is much simpler. In fact, we will show that for the Poisson
measure

|1 — b?|dt

2 dp(e”) =
(5.26) Her) 27(1 — 2bcost + b?)’

t € 10,2m),

on the unit circle T, we have
(5.27) Ut(z) +log|z —b| = F, z e T,

where F' is a constant. Thus Theorem 3.3 of [21, Ch. I]) implies that p, = ¢ and F,, = F.
This measure p is also well known as the harmonic measure and the balayage of the point
mass &, from either the unit disk I or its exterior A := C\ D onto T, see Section I11.4 of [21]
and [19, p. 96].

Let us first consider the case |b] > 1, i.e., b € A. Then u = wa(b,-), and it follows from
Theorem 4.4 of [21, p. 115] that the logarithmic potential of wa (b, ) satisfies

50 (2) 4 Jog 2 = = U (2) = U%(2) = [ ga(w,50) dBu(w) = g0 o)

for z € T. Here, ga(w, 00) = log |w| is the Green function of A with logarithmic pole at oo,
see [21, p. 109]. Hence (5.27) holds in this case with F' = log |b|. We conclude that p,, = u
and F,, = F =log|b|.

It remains to find the minimum energy V,,:
(5.28)  Vy=F,+ /Qduw = log |b| + /log |z — b| dwa (b, z) = log |b| — U“2®)(b).
In order to evaluate U~2®)(b), we use Theorem 5.1 of [21, p. 124]:

U (z) — / ga (2, w) doy(w) = U#a0)(z) — / ga(w,00) doy(w), =€ A,

so that
(5.29) U“2®) () = ga(b,00) — ga(z,b) —log |z — b, =z € A.
Since the involved Green functions are given by (cf. [21, p. 109])

ga(z,00) =log|z| and ga(z,b) =log
z

from (5.29) and (5.28) we derive that
Vi = log [b] — U™ (b) = lim(ga(2,b) + log |2 — b])
z—
= limlog |1 — bz| = log |1 — b?|.
z—b
Thus (4.2) follows from (2.6).

In the case when [b] < 1 (and so b € D) the proof is slightly different. In this case
= wp(b,-), and Theorem 4.1 of [21, p. 110] gives

U09(2) 4 log|z — bl = U= (2) = UM (z) =0, 2 €T,
18



which yields p,, = ¢ and F,, = F' = 0. Hence
(5.30) Vi = Fy + / Qdpy = / log |z — b| dwp(b, z) = —U“>®)(p).
Applying Theorem 5.1 of [21, p. 124], we find that

U (2) — / gp (2, w) dy(w) = U@ (2), 2 €D,

and

—U»®)(2) = gp(z,b) +log|z —b|, z€D.
Combining the above identity with (5.30) and the known representation of the Green function
(cf. [21, p. 109))

|1 — bz|

E=% sep
PR R

gn(z,b) = log
we derive that
Vi = =0 (b) = lim(gn(z,b) + log |z — b])
Z—r
= limlog |1 — bz| = log |1 — b?|.
z—b

Thus, as before, (2.6) yields (4.2).
Finally, (4.3) follows from (4.1) and Theorem 1.3 of [21, Ch. III}). O
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